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A
,
B 7 description of state-space model

P. , ..., Ph - list of desired eigenvalue locations

↑
number ↓ EIGENVALUE PLACEMENT
of states

K -

gain matrix for which A-BK
has eigenvalues at desired locations



WHAT CHARACTERISTIC POLYNOMIAL HAS ROOTS AT P1 ,
. .

., Pn ?

(S - P ,) = S = Pi

(s - P ,)(3 - Pz) = st - (pi+ P2)s + P , Pz

(s - pi)(s- P2)(s- 43) = S- (p,+ Pz+ pz)s + (P,Pz+ P2P3 + P3P)S- PPzP3

*

*

*

N n -1n-z
- s + rS + Es + 0 .. + mu -15 + in

It is easy to compute the coefficients

r
, ..., Nu 3 NUMERIC !!

↑
given the eigenvalue locations

upopoly(p)
P1

,
000 , Per.



A
,
B 7 description of state-space model

T, ...,
In
a list of desired coefficient

↑
number ↓ EIGENVALUE PLACEMENT
of states

K -

gain matrix for which the characteristic

polynomial of A-BK has desired coefficients

STRATELY

D Find K in special case when it is easy

② Transform general case to special case



IF :

A =
a

- az]B= (b) k = [k, k2][
THEN :

A - BK =

- al
-

az]
- [](k , ke] = [a)-az]-Tkzj

= Takak[

def (sI-(A-BK)) = det(soy-Fan-ank])
= detat a ])

= s + (a
,
+ k

,
)s + (az+ kz)

So :

if
you want s+ r

,
5 + +2

then K = r
,
-a

, K= r-ar -easy ! no symbolic
computation !



Controllable Canonical Form (CCF)

A = [a
,

...
- an]

((F(- 1=m-n)](0 - n =]]
=

Famil
Facts

det (sI-A) = s + a
,
s+... + an-S + an

A- BK = (2
- a1

-

k
... Tank

det(sl-(A-:zk)) = s" + (a,
+k ,]s"

-

+ --- + (an-1
+ kn-17 + (an+ kn)

Consequence
no symbolica

if
you want Strs" +... t Must in

compu

then k= r-, . - kn = rn-an



If we could put a system in CCF...

x = Ax + Bu V = = AVz + Bu

↓ x = vz z=
BacF

= Accez + Back Y

Then-
-- easy

to find

-
u = kx+

z = - ka=
V" x

I

-L
we want)



How to find Acce ? (BaF is always the same) eigenvalues are

↓ invariant to

coordinate transformation
det (sI-Acct) = det(sI-VAV)

= det(sV"v- VAV) = vV = E

= det (v"(sI-A)v)

= det (V)det(sE-A) der(V) - det (MN) = det (M) det (N)

= d)"dez(sI-Aldu) = det (M
+

) = det (M)

= dez (sI-A)

↓
a
, ...,

an are the coefficients of the

characteristic polynomial of A

↑
up.poly (A)



How to find V ? -> I

~
colve

forV(that'swhat
we need to finis

given KCF)
AccF = V"Av

Back = V"B

AcFBaE = VAUv"B = VAB

AcFBUF : vAVAVB : vAB

·

AccBaE = V"A""B

~

ce Accebae AfBar - Acbu)=H A ...)

War I a square un matrix W = a square
un matrix

FWIEW"
↑ works as long as W is invertible



ACKERMANN'S
METHOD

↑
NUMERIC !!



The system number
oee

x = Ax+ Bu is
the

her,-
n

tates
is controllable if - S

of
+

W = [B AB ... A"B]
has full rank

.

~

If W is square (i.e., if there is only one input ,
so

B is a column matrix)
,
then "full rank" is equivalent

to "invertible" and you can simply check that

det(w) = 0.

If W is not square (i.e.,
if there is more than one

input ,
so i has more than one column) ,

then W has

no inverse and so you must check the "full rank"

condition .

Our derivation assumed one input only ,
but this result

generalizes (with more work) to any number of inputs.


