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LAST TIME

x =Ax+Bu <- model of all dynamics we care about
n
=

- kX <model of all controllers we care about

↓
&=(A-BK)X+closed-loop system

↓
(A-BK)+

x(0) solution (by matrixexponential)x(t) =2

I

:
↓

x(t) ->O as -- ifand only if all eigenvalues of Jasymptotic stabilityA-BK have negative real part

↑
OUR GOAL IS TO PROVETHIS



↑=FX -- for which F does XCL -> 0 as + -> 0 ???

STRATEGY

①Answer this question in the
special case when F is diagonal

② Show how to rewrite (almost any
F as diagonal

③ Answer this question for (almost

any F



suppose Fis diagonal
F =

[sB] [I+ -2]I
+

]
⑥

then:
1
-
if i=FXthen x(t) =eFt= (0)

e =
Ft

12+F+ 1(Ft)- +0.

[09]
+st= I L·]

+

ECst20Ne
=

[
1 +(s,t)+1(s,t)--... o 1o 1 +(zt +E(S+(-+...

I

[ 1eSITA <- when F is diagonal,
eFt is easy to find



&
coordinate invariance

i =FX

·
Vz =FVz

- !
a plugs in x

=Vzfor

somencatiblevozoomore↓ solve for I I
z =(vFv)z ↑

VX =

= ↓ solve for ZCt) with matrixexponential
(V"FV) +z(0)

I
z(t) =2

2
-
z(t) =Vx(T)

↓ plug inz=V
-

X and solve for

: (VFV) +jx(0)
-

Vx(+) =e EQUAL!F+x(0)
: x(t) =VeCVFVi+N'X(O)

invertible
V

↳ X(t) =eF
+

x(0) 3 THESEMusTE-



*Fx <- for which Fdoes x (t) -> 0 as + -> 0 for anyx(0)?
no

&X(t) =eF
+

x(0)
- Ft

2 -> 0 as t -> 0

① Answer this question in the special case
when Fis diagonal

matrixext 2
scalar exp

↓

Ft sit
2 ⑲F =

[-3] => e = [ D e
1S2t

5, =a +jb

·St =2(a
+jb)t=atjbt = a+ (cus(bt) +jsin(t))



② show how to rewrite (almost) any F as diagonal

x(t) =eFt X(0) ↓
x
=Vz

⑭(vFV) +1
-

x (0) for
any invertible V

↓
Ff
e =VNFV)+p- for anyinvertible V
-

↓

choose U so
VFV is diagonal



choose U so
VFV is diagonal

vFv =(-3=FV
=

V(-i]&

S v=(n.m)
#vv]

=[v,-i]
[Fr, FveJ =[us,vsa]

->ri
V, and Vz are EIGENVECTORS of F

5, and 3 cre EIGENVALUES of F



*Fx <for which Fdoes x (t) -0 as + -> > for any X(01?

⑬ Answer this question for (almost) any
F

We have shown:

x(t) =eF+x(0) =Ve(VFV) + v-X (0)
This means that

(V'FV)+
eFt -> 0 if and only if ->O

for some invertible V. If we choose V as a matrix

with the eigenvectors of F as its columns (and if all

eigenvalues of F are distinct) them

sit D
e

(VFV) +
=

e

[:3]t
=[o ↓set2 e

wheres, and so are the eigenvalues of F (for our 2x2 example).



The system
x(t) -> 0 as + -> X

i =FX = for any X(0)

is asymptotically stable if and

only ifall eigenvalues of Fhave

negative real part.


